Of the many examples of oscillatory kinetic behaviour known, several are briefly reviewed, including those of glycolysis, the peroxidase-oxidase reaction and oscillations in cellular calcium concentration. It is shown that simple mathematical models employing allosteric rate laws are sufficient to explain the instability of the steady state and the appearance of sustained oscillations. The cAMP-signalling systems of cellular slime moulds and the dynamics of intracellular calcium oscillations illustrate the importance of such oscillophores to inter-and intra-cellular communication and differentiation.
Introduction
The study of kinetics of isolated enzymes can tell us much about their catalytic mechanism, but it is not until we observe the enzymes within the context of metabolism that their dynamic potential can be appreciated fully. That enzyme rates depend non-linearly upon substrate concentration, that enzymes can be modulated by other products of metabolism, coupled with the fact that the cells and organisms in which they operate are thermodynamically open to the environment, should lead us to expect more complex dynamics than the steady state. Within the past half century there has been considerable interest in biochemical systems that display 'unsteady-state' behaviour, where the concentrations of metabolites oscillate in time and space. In this article I will review some examples of biochemical systems that give rise to periodic and aperiodic behaviour, together with some of the realistic and abstract models that have been developed to explain the phenomenon.
A simple example
The classical example of a biochemical oscillator is glycolysis. In 1957, Duysens and Amesz [1] observed damped oscillations in the NADH fluorescence of yeast cell suspensions. Hess and Boiteux [2] observed sustained oscillations in yeast glycolysis within a clearly defined range of substrate infusion rates, outside of which steady-state behaviour was obtained. Oscillations were only observed when the initial substrate was a hexose, such as glucose 6-phosphate or fructose 6-phosphate, not fructose 1,6-bisphosphate or subsequent metabolites in the pathway, implying that the enzyme responsible for the periodic behaviour is phosphofructokinase (PFK). PFK displays positive co-operativity, being allosterically activated by several metabolites, including one of its products, ADP. Adopting the allosteric theory of Monod, Wyman and Key words: enzyme, feedback, kinetics, non-linearity, oscillation. Abbreviations used: PFK, phosphofructokinase; BZ reaction, Belousov-Zhabotinskii reaction; PO, peroxidase-oxidase. 1 e-mail amcdonld@tcd.ie Changeux, Boiteux et al. [3] were able to show that a twovariable model of product-activated PFK was sufficient to explain the damped and sustained oscillations observed in experiments with intact cells. The model equations can be written as:
s and p are the normalized concentrations of substrate (ATP or fructose 6-phosphate) and product (ADP or fructose 1,6-bisphosphate), respectively, L is the allosteric constant, e = 1/(ε + 1) and e = 1/(ε + 1), where f is a function defined by eqn (2) and c, e, e , ε, ε and θ are dimensionless combinations of rate constants. Numerical integrations of eqns (1) for n = 2 are shown in Figure 1 at two different values of substrate infusion rate. In Figure 1 (top panel), a value of v = 0.1 s −1 gives rise to damped oscillations in the phase plane; in Figure 1 (bottom panel), with v = 0.25 s −1 and with the same initial conditions, the trajectory in the phase plane tends to a closed curve called a limit cycle.
For values of the parameter v above v ≈ 0.45, the system again tends to a steady state, in agreement with the experimental findings. In varying this single parameter, therefore, the system described by eqns (1) undergoes a bifurcation at some critical value, v c , an exchange of stability between a steady-state point and a limit cycle, and once again at a higher value of the influx rate, at which point the limit cycle loses its stability and the steady state once again becomes the attracting limit point.
Non-linear kinetics
This simple glycolytic model shows how the kinetic behaviour of a single enzyme can give rise to periodic behaviour through non-linear feedback in a system held far from equilibrium. Positive feedback is relatively rare as a mechanism of metabolic regulation. Biosynthetic pathways are often regulated through negative feedback: for example, aspartate transcarbamoylase is inhibited by cytidine triphosphate, the end product of pyrimidine biosynthesis. However, Higgins [4] has discussed various mechanisms that might lead to oscillatory behaviour, not only in biochemical reactions but in chemical reactions generally. He gives several examples of feed-forward and feedbackward activations and inhibitions that could give rise to non-monotonic kinetics. Another possibility for monomeric enzyme regulation is provided by hysteretic enzymes, which undergo slow conformational changes. Roussel [5] has proposed that the damped oscillations observed in the higher-plant photosynthetic system following a perturbation can be explained by the reversible inactivation of the enzyme ribulose-1,5-bisphosphate carboxylase/oxygenase. In his model, the inactive form of the enzyme returns only reluctantly to the active conformation, resulting in oscillations qualitatively in agreement with those observed in vivo.
Before continuing with this exposition of biochemical systems, we will look at a particular chemical example that has generated a considerable amount of interest: the BelousovZhabotinskii (BZ) reaction, which involves the Ce(III)-catalysed oxidation of an organic molecule, usually malonic acid, by acidic bromate ion. Sustained oscillations in bromate and Ce(III) ion concentrations in a continuous-flow wellstirred tank reactor have been demonstrated [6] where the bifurcation parameter is the mean residence time of the reactor. As the flux through the reactor is increased (mean residence time is decreased) the BZ reaction undergoes a complex sequence of bifurcations leading to oscillations of higher periods. Some of these oscillation take the form of a mixture of large and small amplitude oscillations, often denoted L s , where L and s are integers representing the number of large and small oscillations in a single period. For certain values of the control parameters, aperiodic oscillations are obtained -the phenomenon of so-called 'chaos'. As a result of diffusion in unstirred media, such as a thin layer of solution in a Petri dish, the oscillations form spatial patterns of concentric rings or spirals [7] . Mathematical models of the BZ reaction as it occurs in homogeneous medium use nonlinear ordinary differential equations derived from the law of mass action. One example that is capable of reproducing much of the observed behaviour in a well-stirred system is due to Richetti et al. [8] .
The peroxidase-oxidase (PO) reaction stands halfway between chemical and enzyme kinetics, in that it is the oxidation of NADH by dioxygen catalysed by a haemperoxidase. Yamazaki et al. [9] were the first to discover the non-linear kinetics of this reaction, in a closed system containing NADH and horseradish peroxidase. Degn [10] demonstrated bistability (two co-existing steady states) of the PO reaction in a system open to oxygen. Sustained oscillations in the concentrations of peroxidase compound III and O 2 were observed by Nakamura et al. [11] . By varying the enzyme concentration, Olsen and Degn [12] obtained chaotic behaviour in the PO reaction, the first such demonstration of biochemical chaos. In common with the glycolysis and BZ experiments, the reaction medium was well stirred, and the system was held far from equilibrium through the continuous infusion of NADH and by diffusion of oxygen across the gas-liquid interface, which was in contact with a reservoir of fixed oxygen partial pressure. Further experiments have shown that complex periodic [13] oscillations can be obtained in a continuous-flow well-stirred tank reactor, and Geest et al. [14] have demonstrated a route to chaos via perioddoubling as a control parameter is varied. Common to several possible mechanisms of the PO reaction is the cyclic autocatalysis of the NAD radical, involving several oxidation states of the enzyme [15] . Although models of the PO reaction do not explicitly involve enzyme rate laws of the steadystate Michaelis-Menten or Monod-Wyman-Changeux type, the peroxidase appears to be inhibited by oxygen, which prompted Degn to suggest that substrate inhibition might be responsible for the bistability observed in experiments [10] .
Both of these oscillating systems -the non-enzymic BZ, and the single-enzyme PO -exhibit periodic, complexperiodic and chaotic dynamics, depending on the values of the control parameters. There is therefore a spectrum of behaviours possible for systems with reaction mechanisms involving autocatalysis and non-linear feedback. We have seen that a simple model of PFK can predict the destabilization of the steady-state flux through glycolysis; what dynamics might we expect from two such enzymes in series? Decroly and Goldbeter [16] showed that the dynamics of such a model are capable of showing birhythmicity (the co-existence of two stable limit cycles at the same set of parameter values, the periodic counterpart of bistability) as well as bursting (trains of rapid oscillations interspersed by quiescent periods) and chaotic behaviour. Sparrow [17] showed that a period-doubling route to chaos could be obtained from a purely abstract, cyclic 50-dimensional system of differential equations that contained only a single non-linear feedback term of the form rxe −x .
Further examples
The life cycle of the soil-dwelling slime mould Dictyostelium discoideum proceeds through several stages. First, a spore germinates and the resulting cell grows and divides, giving rise to a population of independent amoebae that each migrate through the surrounding medium in search of food.
As the food supply in the area is depleted, the cells enter a period of starvation in which certain of their number begin to release pulses of cAMP. Neighbouring cells relay and amplify the signal, which has a chemotaxic effect that causes the cells to aggregate and form a multicellular 'slug'. After migrating towards light and a humid environment, this initially homogeneous population of cells differentiates into two cell types, with one type forming a rigid stalk to support the other, a fruiting body composed of many spores. Fluorescent antibodies raised against cAMP have been used to study the mould's aggregation; it is interesting to note that the wave patterns [18] closely match the chemical waves observed in unstirred preparations of the BZ reaction. It is known that D. discoideum has receptors on the cell surface for cAMP and that the binding of cAMP causes the receptor to associate with, and then activate, a membranebound adenylate cyclase, which converts ATP to cAMP internally. The cAMP thus formed is secreted from the cell into the external medium, where it is degraded by phosphodiesterase (see chapter 6 of [19] and references cited therein). The mechanism suggests that positive feedback is at work, since the extracellular cAMP is available to stimulate its own cAMP production, or that of another cell. Goldbeter and Segel [20] have developed a simple model of this process that uses three variables to represent the concentrations of intracellular ATP, intracellular cAMP and extracellular cAMP, and combined the functions of receptor and cyclase into a single dimeric unit obeying the same allosteric co-operativity as PFK. Computer simulations of this model successfully reproduce the pulsatile appearance of cAMP traces at physiological values of the parameters. A more realistic model of cAMP dynamics in suspensions of D. discoideum separates the receptor and adenylate cyclase functions and incorporates a mechanism for reversible receptor desensitization via protein phosphorylation and dephosphorylation, in which only the dephosphorylated form, with cAMP bound, can activate the adenylate cyclase [21] . In this case, it is assumed that either (i) two cAMP molecules are required for activation of the receptor, or (ii) two activated receptors are required for cyclase activation, thus providing the non-linearity necessary to destabilize the steady state.
The dynamics of intracellular calcium have been the subject of intensive study in recent years. Calcium oscillations and waves within cells can arise spontaneously [22] or in response to an extracellular signal. Oscillations in intracellular calcium concentration in response to stimulation have been observed in many different cell types, with the pattern of oscillation varying widely depending on the cell type and agonist [23] . In some cells, the frequency of oscillation is altered by the intensity of the stimulus; for example, in the response of hepatocytes to varying levels of vasopressin [24] . With respect to the mechanism of generation of calcium oscillations and waves, it is known that Ins(1,4,5)P 3 synthesized as a result of receptor activation can mobilize Ca 2+ from intracellular stores and that Ca 2+ itself promotes this mobilization, in the so-called calcium-induced calcium release. Various models of the process have recently been reviewed [25] . Many models rely upon co-operative kinetics of ion channels in the Ins(1,4,5)P 3 -sensitive endoplasmic reticulum; however, Kummer et al. [26] were capable of bursting, and even chaotic, oscillatory regimes using only simple Michaelis-Menten rate laws.
As a final example of the consequences of non-linear enzyme kinetics, Goldbeter and Koshland [27] proposed a model of zero-order ultrasensitivity, where saturation of the kinase by its protein substrate could produce a much sharper transition than could be provided through co-operativity or allostery, and the concept has been successfully employed in a minimal cascade model of the mitotic oscillator [28] . While there is some evidence to support the concept of zeroorder ultrasensitivity in vivo [29] , its validity has been called into question when small numbers of molecules are involved [30] or when the conversion enzyme is involved in both the phosphorylation and dephosphorylation processes [31] .
Conclusions
Given that many regulatory proteins possess highly nonlinear rate laws, what are the possible functions for the rhythmic dynamics? Certainly, the rich hierarchy of behaviours displayed by chemical model systems such as the BZ reaction could give credence to the view that oscillatory biochemical processes are nothing more than an artifact of non-linear feedback. Others take the view that oscillations have a cytoprotective effect. Based upon observations of a detailed model of the PO reaction, Hauser et al. [32] have proposed that average levels of superoxide radical produced by the PO reaction would be decreased in an oscillatory regime. This is an idea that may also be true for calcium; since intracellular calcium is toxic at high levels, transient elevations in calcium might be able to activate its target enzymes while maintaining a low average concentration [25] .
It has long been suspected that the oscillations in cell calcium may afford a means of encoding information digitally. Rapp et al. [33] have shown that information encoded by frequency is less susceptible to corruption by environmental noise than amplitude encoding. Direct evidence for frequency encoding of calcium oscillations has come from a study by Dolmetsch et al. [34] , who showed that different transcription factors are activated according to the frequency of calcium oscillations. Also, Gu and Spitzer [35] have shown that in spinal neurons normal neurotransmission and neurite extension could be selected at different frequencies of stimulated Ca 2+ oscillation. Although their existence is predicted by many kinetic models, chaotic oscillations are rarely observed in vivo. One reason for this is that the chaotic regime of a nonlinear dynamical system usually exists for a much narrower range of parameter values than simple periodic oscillations. Another reason is that chaos can revert to periodic behaviour when a weak periodic signal is applied [36] . This may be the means by which, through intercellular communication, cells regularize their dynamics. The apparently random (though deterministic) nature of chaotic oscillations is more pronounced in amplitude than it is in frequency, which has led Rapp et al. [33] to suggest that frequency encoding of signalling would not in any case be adversely affected should the biochemical dynamics enter a chaotic regime.
By means of several examples it has been shown that the non-linearity of enzyme kinetic rate laws has implications for the types of dynamics observed in vitro and in vivo. The repertoire of possible behaviours may be a natural outcome of the regulatory processes controlling the activities of cells and organisms, but may also have a biological function in cell signalling and differentiation.
